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Abstract. We present the first cosmic microwave background (CMB) power spectra from
numerical simulations of the global O(N) linear σ-model, with N = 2, 3, which have global
strings and monopoles as topological defects. In order to compute the CMB power spectra
we compute the unequal time correlators (UETCs) of the energy-momentum tensor, showing
that they fall off at high wave number faster than naive estimates based on the geometry of
the defects, indicating non-trivial (anti-)correlations between the defects and the surrounding
Goldstone boson field. We obtain source functions for Einstein-Boltzmann solvers from the
UETCs, using a recently developed method that improves the modelling at the radiation-
matter transition. We show that the interpolation function that mimics the transition is
similar to other defect models, but not identical, confirming the non-universality of the inter-
polation function. The CMB power spectra for global strings and global monopoles have the
same overall shape as those obtained using the non-linear σ-model approximation, which is
well captured by a large-N calculation. However, the amplitudes are larger than the large-N
calculation would naively predict, and in the case of global strings much larger: a factor of 20
at the peak. Finally we compare the CMB power spectra with the latest CMB data in other
to put limits on the allowed contribution to the temperature power spectrum at multipole
l = 10 of 1.7% for global strings and 2.4% for global monopoles. These limits correspond
to symmetry-breaking scales of 2.9 × 1015 GeV (6.3 × 1014 GeV with the expected logarith-
mic scaling of the effective string tension between the simulation time and decoupling) and
6.4×1015 GeV respectively. The bound on global strings is a significant one for the ultra-light
axion scenario with axion masses ma . 10−28 eV. These upper limits indicate that gravita-
tional waves from global topological defects will not be observable at the gravitational wave
observatory LISA.
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1 Introduction
Phase transitions in the early Universe may give rise to topological defects [1], which
are predicted in a wide range of high-energy physics models of the early Universe [1–4].
Defects from symmetry breaking at the Grand Unified or inflation scales induce gravitational
fluctuations of sufficient amplitude to give a characteristic signature in the cosmic microwave
background (CMB).
The CMB power spectra of topological defects have been widely analysed. In some
approaches, full-sky maps [5–8] are computed. Most use the scaling properties of defect
networks to derive the power spectra from the Unequal Time Correlators (UETC) of the
energy-momentum tensor of the classical field theory evolving in a cosmological background
[9]. This method has been used to compute the CMB signatures of global defects in the
non-linear sigma-model (NLSM) approximation [10, 11], and cosmic strings in the Abelian
Higgs model [12–14], and for semilocal strings [15]. Gauge cosmic string CMB power spectra
have also been computed in the Nambu-Goto approximation [16, 17] and by modelling strings
as randomly moving string segments [18–23]. Global strings have not been modelled in the
Nambu-Goto approximation because their long-range interactions complicate the algorithm,
although an economical way of incorporating the interactions has recently been put proposed
[24].
Using a similar approach gravitational wave power spectra have also been calculated
[25, 26]. However, the authors of [27], comparing predictions for GWs obtained from large-N
limit with the ones obtained from field theory simulations, showed that the NLSM prediction
in the large-N limit is significantly lower than the true value for models with N < 4.
In the last few years significant advances in the study of the CMB power spectrum using
the UETC approach for Abelian Higgs strings were performed; using the biggest simulation
boxes up to date and, among other improvements, studying the behaviour of the correlators
across cosmological transitions [28, 29].
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However, the CMB signature for O(2) and O(3) models have never been studied using
the linear σ-model, which is required to capture the important contribution to the energy-
momentum of the cores of the topological defects. Global string and monopole networks have
been numerically analysed for other reasons: for example, in [30–34] the scaling properties
of global string networks were studied. Axion strings are global strings, with axions as the
(pseudo-)Goldstone bosons, and the radiation from global string networks has been examined
in order to determine the dark matter axion density [33, 34].
Similarly in [35] the network velocities of global monopoles were studied in detail. There-
fore, the analysis of the CMB power spectrum generated by global strings and monopoles will
be of great interest. As we have previously mentioned the NLSM predictions at large N for
GWs do not fit with O(2) and O(3) direct calculations. Therefore it is important to perform
O(2) and O(3) field theory simulations to check whether they follow the CMB predictions
from the O(N) NLSM.
In this work we perform field theory simulations of the O(2) and O(3) linear σ models,
measuring their scaling parameters to much greater accuracy than before, and determining the
UETCs. Armed with the UETCs, we calculate the CMB power spectra using the techniques
detailed in [29]. The power spectra are then used to compare with the predictions given by
the NLSM and also with the spectrum coming from the analysis of the Abelian Higgs model.
We also fit Planck data with these predictions and obtain constraints on the models using a
Monte Carlo analysis.
The paper is structured as follows: In section 2 we present the model and we give an
overview of the UETC approach. Then, we describe the procedure to obtain the UETCs from
the simulations in section 3 and the computation of the source functions in section 4. Once
we have the source functions we present the power spectra in section 5. Finally, in section 6
we show the fits and constraints and we conclude in section 7.
2 Model and Method overview
The simplest field theory model that contains global topological defects is the global
O(N) theory, where O(N) global symmetry spontaneously breaks down to O(N − 1). A
theory that gives rise to this kind of defects is the linear sigma model [36], whose action is
S =
∫
d4x
√−g
(1
2
∂µΦ
i∂µΦi − 1
4
λ(|Φ|2 − η2)2
)
, (2.1)
where Φi, i = 1, .., N are real fields, |Φ| ≡
√
ΦiΦi and λ and η are real constant parameters.
In the symmetry breaking a massive particle with mass ms =
√
2λη arises as well as N − 1
massless Goldstone bosons. The energy of local defects is divergent with radius but in a
cosmological situation this is not catastrophic, since the energy divergence will be cut-off by
neighbouring defects.
Since our aim is to study the dynamics of a network of global defects in an expanding
universe, we consider a flat Friedmann-Robertson-Walker space-time with comoving coordi-
nates:
ds2 = a2(τ)(dτ2 − dx2 − dy2 − dz2), (2.2)
where a(τ) is the cosmic scale factor and τ is conformal time. The equations of motion derived
from (2.1) are
Φ¨i + 2
a˙
a
Φ˙i −∇2Φi = −a2λ(Φ2 − η2)Φi, (2.3)
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and the dots represent derivatives with respect to the conformal time τ .
Since the size of the defect is given by their inverse mass (δ ∼ m−1s ), a fixed length
in physical units, which means that in comoving coordinates the size of the defects rapidly
decreases. Thus, in order to have a longer dynamical range one has to use the Press-Ryden-
Spergel method [37]. This method makes the width of the defect controllable by turning the
coupling constant into a time-dependent variable:
λ = λ0a
−2(1−s), (2.4)
where the parameter s is the responsible to control the defect size. That is, when the s = 0
the defect size is fixed in comoving coordinates and when s = 1 we obtain the true case where
the size of the defect is fixed in physical length.
This method and its extension for gauge theories has been widely checked [14, 28, 30, 35],
where the errors due to its use are shown to be typically smaller than the statistical errors,
or the systematic errors inherent to the discretization procedure.
The evolution of a defect network perturbs the background space-time; and those pertur-
bations evolve and affect the contents of the universe, eventually creating CMB anisotropies.
In contrast to inflationary perturbations, which were seeded primordially and then evolve
“passively”, defects induce perturbations actively during their whole existence. Those for
Abelian Higgs cosmic strings are estimated to be roughly of the order of the magnitude of
Gµ, where G is Newton’s constant and µ the string tension. Current bounds on Gµ from
CMB experiments constrain its value to be below 10−7 [13, 17, 38, 39].
In order to describe the perturbations induced by defects energy-momentum correlations
are appropriate statistical tools [9, 12, 40, 41]. Indeed, the two-point unequal time correlators
of the energy-momentum tensor are the only objects needed to derive the power spectrum of
CMB anisotropies. UETCs are defined as follows:
Uλκµν(k, τ, τ
′) = 〈Tλκ(k, τ)Tµν(k, τ ′)〉, (2.5)
where Tαβ(k, τ) is the energy momentum tensor.
The UETCs give the power spectra of cosmological perturbations when convolved with
the appropriate Green’s functions. In practice, they are decomposed into a set of functions
derived from the eigenvectors of the UETCs, which are used as sources for an Einstein-
Boltzmann integrator. The power spectrum of interest is reconstructed as the sum of power
spectra from each of the source functions.
A considerable simplification occurs when the times τ and τ ′ are both in epochs during
which the scale factor grows with the same constant power of conformal time. In this case
the correlation functions do not depend on k, τ and τ ′ separately, but only on kτ and kτ ′.
This behaviour is called scaling, and scaling correlators can be written as
Uab(k, τ, τ
′) =
η4√
ττ ′
1
V
C¯ab(k
√
ττ ′, τ ′/τ), (2.6)
where now the indices a and b correspond to projections of the energy momentum tensor;
specifically to its independent components: two scalar (longitudinal gauge potential φ and
ψ), one vector and one tensor. The overbar represents the scaling form of the UETC in a
FLRW background. We will sometimes write z = k
√
ττ ′, r = τ ′/τ . An alternative pair of
scaling variables is x, x′ = kτ, kτ ′. A scaling UETC will have eigenvectors which depend on
k and τ only through the combination x.
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Scaling is an essential feature for any kind of defect network to ensure their cosmological
viability. Defect networks that exhibit scaling do not dominate the cosmological evolution
over other species, but neither do they disappear. From the computational point of view it is
also an immensely valuable property, since it allows to extrapolate the numerical observables
obtained from limited reproductions of cosmological scenarios to required cosmological scales,
which are well beyond current capabilities.
The UETCs are extracted from numerical simulations, where correlations between energy-
momentum tensors at different stages of the evolution are calculated. After that, these func-
tions, which are definite positive and symmetric, are diagonalized. The diagonalisation de-
composes the UETCs into its eigenvalues and eigenfunctions,∫ τ0
τi
dτ ′Cab(k, τ, τ ′)cnb (k, τ
′) = λn(k)cna(k, τ). (2.7)
where cna are the eigenfunctions and λn the eigenvalues associated to them.
Finally, in terms of these two ingredients, the source functions are defined in the following
way:
sna(k, τ) =
√
λn(k)c
n
a(k, τ) . (2.8)
These source functions are then what we will plug in to the Einstein-Boltzmann solvers to
calculate the CMB anisotropy power spectra, for further details on the process see [12, 28, 41].
However, it should be noted that the scaling is broken near the cosmological transitions.
That is, when the universe undergoes a transition from radiation-dominated era to matter-
dominated era, or from matter-dominated era to the era dominated by dark energy the UETCs
also depend explicitly on τeq and τΛ, the times of equal radiation and matter density, and
equal matter and dark energy density.
3 UETCs from the Simulations
In this section we present the details of the numerical simulations from which the scaling
UETC data were collected. These scaling UETCs are the inputs for the next section, in which
the eigenvector decomposition method is described.
3.1 Simulation details
In order to simulate the evolution of the global defects in a discrete box we discretise
the action (2.1), deriving discretised equations of motion on a cartesian grid using a 3-point
stencil for the spatial Laplacian and the leapfrog method for time evolution. The equations
are evolved in 10243 lattices with periodic boundary conditions using the LATfield2 library
for parallel field theory simulations [42]. The periodic boundary conditions impose an upper
limit on the time that the system can be evolved: beyond half a light-crossing time, when
Goldstone bosons moving in opposite directions in the box will start to re-encounter each
other.
Our simulation lattice has a comoving spatial separation of dx = 0.5 and time steps of
dt = 0.1, in units where η = 1. The simulation volume therefore has comoving size L = 512.
All simulations were run with s = 0 and ms(τ)a(τ) = 2η, with a = 1 at the end of the
simulation. We performed 5 individual runs in pure radiation and in pure matter dominated
eras to determine the scaling form of the UETCs. We also performed runs across the radiation-
matter cosmological transitions using the same parameters and initial conditions.
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O(2) O(3)
τini 50 0
τdiff 70 20
τref 150 60
τend 300 250
nout 50 60
Table 1. The values of the time-related parameters, given in units where η = 1. The simulations
start at time τini and there is a period of diffusion until τdiff ; the data are taken from τref until τend
every nout time-steps.
We are interested in the scaling regime of the defect network, not on the details of the
phase transition. Thus, the initial condition (at time τini) used in the numerical simulation
is not used to extract data; its only function is to drive the system to scaling in order to get
as large as possible dynamical range. We have found that for the present work a satisfactory
initial field configuration is given by the scalar field velocities set to zero and the scalar fields
set to be stationary Gaussian random fields with power spectrum
Pφ(k) =
A
1 + (k`φ)2
, (3.1)
with A chosen so that 〈Φ2〉 = η2, and `φ = 5η−1.
The UETCs cannot be calculated until after the defects are formed and reach their
scaling configuration. These early phases contain a huge amount of excess energy induced by
the random initial conditions, therefore we smooth the field distribution by applying a period
of diffusive evolution, with the second derivatives removed from the equations of motion and
where the time step is 1/30 in units where η = 1. The length of time of the diffusive phase
(τdiff) varies, since the evolution of the equations of motion is different in each case. In all
cases τdiff is determined in order to optimize the the dynamical range of the scaling evolution
of the defect network.
After the diffusion period, the system relaxes into scaling, and we start to collect data
from τref until the end of the simulation τend. We measure the UETC by recording the
mean value of Cab(k, τref , τ) for wavevectors binned in the range 2pi(n − 1)/L < |k| ≤ 2n/L
(1 ≤ n < Nb), with Nb = 886, and nout number of outputs logarithmically-spaced times
between τref and τend. The wavenumber of the nth bin kn is set to the mean value of |k| in
that bin. Table 1 shows the values of these parameters.
We also record the Equal Time Correlators (ETCs) at each time the UETC is evaluated,
with which we can monitor the quality of scaling. Perfect scaling would mean that the ETCs
collapse to a single line when plotted against x = kτ .
3.2 Scaling
It is known that defining a length scale of the network is convenient to track the state of
the system and scaling. We will define two different length scales, one for each case of defect
under study, i.e. one for strings and another one for monopoles.
For the case of strings the comoving string separation ξs has been identified as a useful
quantity to determine compatible simulation stages [28]. The string separation is defined in
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terms of the mean comoving string length `s in the comoving simulation volume V as
ξs =
√V
`s
. (3.2)
The mean string length, `s, is derived from estimators of the comoving length of string. One
way of obtaining the length of strings is by summing the number of plaquettes pierced by
strings. Such plaquettes are identified calculating the “winding” of the phase of the field
around each plaquette of the lattice [43]. We denote the string separation computed in this
way as ξsw.
An alternative way is to use local field theory estimators for the total string length [28].
In our case we use the total comoving energy weighted by the potential V ,
EV = V
∫
d3xT00V∫
d3xV
(3.3)
and the energy per unit length, µV , also weighted with the potential, to define a string length
estimator
`s =
EV
µV
. (3.4)
In order to obtain the potential weighted energy per unit length of global strings, we have
solved numerically the static field equations for a straight string lying on the z-axis [1]. From
the values of the profile functions we have calculated the weighted energy per unit length,
which is µV = 0.70η2.
Monopole networks can be characterized using the comoving monopole separation ξm.
The monopole separation is defined in terms of the monopole number in the simulation volume
V as
ξm =
( V
N
)1/3
(3.5)
where N is the total monopole number1.
The monopole number can be computed by directly obtaining the topological charge
in each lattice cell of the simulation box [35, 44]. It can also be obtained from a local field
estimate
N = EV
MV
, (3.6)
where MV is a energy of a monopole weighted with the potential V and EV is the energy
weighted with the potential. The weighted energy is computed in a similar way in which we
have computed the weighted energy per unit length of global strings. That is, we have solved
the equations of motion for a static monopole [1] using a relaxation method and then, using
the profile functions we have calculated the weighted mass, which is MV = 2.33η.
The computational cost of the field estimator is considerably lower, as the energy densi-
ties are being computed anyway, although it does slightly overestimate the monopole number
by about 10%. This does not affect the linearity of βm in the scaling regime, as we can see in
Table 3 where we have added the value of βmw obtained from one simulation, and we restrict
our separation measure to be the one from the field estimator.
1Monopoles and antimonopoles contribute the same to the energy density, and are so equivalent in the
energy-momentum tensor. Therefore, N is the sum of monopoles and antimonopoles. The net monopole
charge in the simulation is exactly zero, due to the periodic boundary conditions.
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Figure 1. In the left column: String separation ξs (3.2) from simulations in radiation era (top figure)
and matter era (bottom figure), with ξsw obtained from the winding length measure and ξsE from
the string length measure defined in (3.4). In the right column: Monopole separation ξmE (3.5) from
simulations in radiation era (top figure) and matter era (bottom figure), obtained using the monopole
number estimate defined in (3.6).
As it was found in previous works, the asymptotic behaviour of the separations for both
type of defects is very close to linear,
ξ ' β(τ − τoff), (3.7)
where τ is the conformal time in the simulations and τoff is the time offset of the linear fit to
the ξ curve.2
For the global string case the two different ways of computing ξs, ξsw and ξsE , give almost
equal scaling behaviour and in the monopole case we have used ξmE . (see Fig. 1). We have
managed to find a combination of τini and `φ such that the time offset is almost zero in
all realisations. We define the mean slopes βsw, βsE , and β
m
E as the average of all different
slopes from different realisations. Numerical values of the mean slopes obtained in the range
τ ∈ [150 300] for global strings can be found in Table 2 and in the range τ ∈ [60 250] for
global monopoles can be found in Table 3.
2Without a time offset, plotting ξ/τ will produce an apparent time dependence in β, and one might wrongly
conclude that the string network is not scaling.
– 7 –
O(2)
– βsw βsE ζ ρ
R 0.36 ± 0.01 0.38 ± 0.01 1.7 ± 0.1 562 ± 9
M 0.36 ± 0.02 0.39 ± 0.02 0.72 ± 0.08 135 ± 9
Table 2. Numerical values of the different scaling parameters for global string networks in the
radiation (R) and matter (M) eras, obtained in the range τ ∈ [150 300]. The parameters β are mean
defect separations in units of the horizon length: βsw is computed using the length of strings obtained
from the number of windings, and βsE is computed using the energy weighted with the potential, EV .
The parameter ζ [30] is a relative energy density and defined in 3.8, while ρ is a parameter defined in
[5] for simulations in NLSM.
O(3)
– βmw βmE  ρ
R 0.64 0.63 ± 0.03 1.26 ± 0.03 75 ± 2
M 0.59 0.60 ± 0.02 1.80 ± 0.04 28 ± 2
Table 3. Numerical values of the different scaling parameters for global monopole networks in the
radiation (R) and matter (M) eras, obtained in the range τ ∈ [60 250]. The parameters β are mean
defect separations in units of the horizon length: βsw is computed using the number of monopoles
obtained from the topological charge (data from only one simulation), and βmE is the mean separation
of global monopoles, whose number density computed using the energy weighted with the potential,
EV . The parameter  [45] is the mean separation of monopole in units of the physical time t, while ρ
is a parameter defined in [5] for simulations in NLSM.
We can translate the slopes of the mean separation to values of the parameter ζ, pro-
portional to the relative energy density, used in [30], defined as
ζ =
EV
µV a2(t)
t2, (3.8)
where t is the physical time. Our values of ζ can be seen in Table 2 and Table 3. These values
are compatible with the values given in [30] in which ζ = 2.0± 0.5 for the radiation era, and
the uncertainty is greatly reduced by the greater volume of our simulations.3
The values for the slope, βmE , for the monopole case can also be seen in Table 3. These
values are compatible with the values obtained in [35] where the authors found that βr =
0.72±0.06 in radiation era and βm = 0.65±0.04 in the matter era. In order to compare with
the results obtained in [45] we define a scaling parameter  by:
 =
a(t)
t
( V
N
)1/3
(3.9)
where t is the physical time. After the translation our values are shown in Table 3. These
values are compatible with the values obtained in [45], where two different sets of simulations
were used. On the one hand, they used the simulations made in [46] and the results are
r = 1.3 ± 0.4 and m = 1.6 ± 0.1. On the other hand, they have also used the simulations
made in [47] where the values for  are r = 1.3± 0.2 and m = 1.9± 0.2.
3Not allowing for a time offset (see Eq. 3.7) when extracting the scaling value of ζ can produce an apparent
time dependence of ζ, which is the reason for the apparent logarithmic growth observed in [24].
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We can also compare the scaling energy density with the values obtained in simulations
of the O(2) and O(3) non-linear sigma model (NLSM) [5], who defined a parameter
ρ =
E
V
τ2
η2
, (3.10)
where E =
∫
d3xT00. We computed the scaling values of ρ from the slopes of a linear fit of
ξE =
√
µV/E, and display the mean and standard deviations in Table 2 and Table 3. These
are to be compared with the NLSM values of 68 ± 7 for O(2) and 24 (no errors given) for
O(3), both in matter era [5].
Note that we have multiplied the scaling value ρ = 14.5 ± 1.5 given in Ref. [5] by
ln(ξrefms), in order to scale their results to our simulation volume.
The reason for this logarithm is that the global string energy per unit length should
increase as µ ln(ξms) [1], giving a logarithmic correction to scaling. In Ref. [5] this logarithm
is divided into the energy density in order to improve the scaling. The value of the logarithm
does not change significantly over the time range from which data is taken in our simulations,
so we can extract scaling correlators without this compensation.
The difference in scaling densities for string indicates that NLSM simulations are missing
an important energy contribution from the string cores. Monopole cores, on the other hand,
make little difference to the energy density, as their contribution decreases as τ−3, and so one
expects the agreement between the NLSM and the linear σ-model to be good.
3.3 Energy momentum correlators
The ETCs of the energy momentum tensor give a more detailed test of scaling. In
Fig. 2 we show the ETCs for global strings and global monopoles in radiation era for the
whole period of time recorded. We show the ETCs at τend with shaded regions that represent
1σ and 2σ levels obtained averaging over 5 realizations and the dashed lines correspond to
intermediate times: 150, 185, 222, 261 and 296 for O(2) and 60, 97, 130, 158 and 205 for O(3)
(in units of η−1). The behaviour in the matter era is similar to the behaviour in the radiation
era. The figures show that at small scales the ETCs collapse to a single line, though this
behaviour is not so clear at low-kτ ’s.
We have also studied the decay of the ETCs at small scales, and figure 3 shows the ETCs
multiplied by (kτ)2 in logarithmic scale. We observe that for global strings as well as for global
monopoles the ETCs decay roughly as k−2, which contrasts with the expected string-like k−1
[48] and point-like k0 behaviour. Instead, it is consistent with the k−2 short-distance power
spectrum induced by randomly-placed disks. We have looked at various visualisations of the
energy-momentum tensor, and we have been unable to find one which gave a good impression
of the sheet-like structures suggested by the power spectrum. It would interesting to explore
the implied non-trivial correlations between defects and the surrounding Goldstone boson
cloud.
Since the offset is consistent with zero in our simulations, it is straightforward to average
the UETCs obtained from different realizations. Figure 4 shows the averaged Matter UETCs
for global strings, and Fig. 5 shows the corresponding one for global monopoles.
Figures 4 and 5 show that the amplitudes of the correlators (in matter era) of O(2) strings
are much bigger than the amplitude of O(3) UETCs. Note that the UETCs for radiation era,
in both defect types under analysis, have the same shape but the power is bigger than in the
matter era. Similarly, if we compare global string correlators with the UETCs obtained from
simulations of the Abelian Higgs model presented in [28], we observe that the general shape
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Figure 2. ETCs for global strings (left pane) and for global monopoles (right pane) in radiation era.
Shaded regions correspond to 1σ and 2σ deviations calculated at τend. The 5 dashed lines in each
case correspond to ETCs at intermediate times, in units of η−1: 150, 185, 222, 261 and 296 for O(2)
strings and 60, 97, 130, 158 and 205 for O(3) monopoles.
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Figure 3. Logarithmic plots for all five equal time correlators at the end of radiation era simulations
for global strings τ ' 300 (left pane) and global monopoles τ ' 250 (right pane). Note that the
correlators are multiplied by (kτ)2 to demonstrate that the fall-of beyond the peak is approximately
k−2. The colour scheme in both cases is the following (from top to bottom): C11 black, C22 gray, C12
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is similar while the amplitude is slightly higher for the global case. In both cases we use
units where the vacuum expectation value of the scalar field is 1. Note that the normalisation
convention is different for complex and real scalar fields.
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Figure 4. Full set of scaling O(2) UETCs for the matter era, calculated averaging over 5 runs. See
Section 2 for definition of UETCs.
4 Computation of source functions
It has been established in the previous section that global strings and monopoles evolve
in the scaling regime for most of the time reproduced by our simulations. As it is known,
and also mentioned in section 2, the scaling can be used to extrapolate results derived from
numerical simulations of different type of defects to the required cosmological scales. The
universe undergoes two transitions during times of interest, say the transition from radiation-
dominated era to matter-dominated era and the transition from matter-domination to Λ-
domination. In this work we will not consider the transition from matter-domination to
Λ-domination, since its effect is rather small, as shown in [29]. Therefore, perfect scaling
is not a feature of networks evolving in our universe, this is why the scales imposed by the
transitions must be also considered.
UETCs must also depend on the scales imposed by the transitions. This means that in
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Figure 5. Full set of scaling O(3) UETCs for the matter era, calculated averaging over 5 runs. See
Section 2 for definition of UETCs.
general the correlators will depend explicitly on τeq, in other words, the true (non-scaling)
UETCs are functions of three different dimensionless variables, which can be chosen to be
kτ , kτ ′ and
√
ττ ′/τeq. One has to determine a method which captures the information of
the transitions and include it in the computation of the source functions. There are several
proposals in the literature for performing this estimation [14, 26, 28, 29], all of which were
compared in [28].
In this work we will follow the fixed-k interpolation method proposed in [28]: the UETCs
are thought of as symmetric functions of τ and τ ′ for a given k. This approach has several
advantages: it preserves orthogonality of the source functions during defects’ whole existence
and reproduces better the UETCs at cosmological transitions. Moreover, it also fits very well
into the scheme used by Einstein-Boltzmann codes, which solve the perturbation equations
with an outer loop over k and an inner time integration for fixed values of k. For further
details we refer the reader to [28].
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τeq 300 150 40 10 3
τref/τeq 0.5 1.0 3.75 15 50
τend/τeq 1.00 2.0 7.5 50 100
α(τref) 1.09 1.17 1.44 1.76 1.91
α(τend) 1.17 1.29 1.60 1.86 1.95
Table 4. Selected parameters for simulations across the radiation-matter transition. The parameters
are the conformal time of matter-radiation equality, τeq, in units of η−1, the ratio of the reference
time τref for UETC data taking and the simulation end time τend to τeq, and the expansion rate
α = d ln a/d ln τ at τref and τend.
The true UETCs Cab(k, τ, τ ′) are constructed from the mixture of the scaling matter
and radiation correlators, extracted from our simulations, at each value of k. The relative
mixture of matter and radiation UETCs is determined by τ/τeq and τ ′/τeq. An explicitly
symmetric proposal for the UETCs which models this behaviour across the radiation-matter
transition is the following [28]:
Cab(kτ, kτ
′,
√
ττ ′/τeq) = f
(√
ττ ′
τeq
)
C¯Rab(kτ, kτ
′) +
(
1− f
(√
ττ ′
τeq
))
C¯Mab(kτ, kτ
′). (4.1)
It approximates the UETC in the entire region by the linear combination of pure radiation
and pure matter era scaling correlators balancing the contribution of each by an interpolat-
ing function f . At extreme values of τ/τeq we recover functions that correspond to matter
(τ/τeq  1) and radiation (τ/τeq  1) dominations
We note that the source functions for the EB integrators at a given k are now just
the eigenvectors of these model UETCs, multiplied by the square root of the associated
eigenvalues, and so they are indeed orthogonal, see Eq. (2.8).
In order to establish the form of the interpolating function, we perform numerical simu-
lations of O(2) and O(3) defects at cosmological transitions. The interpolating function can
be defined in the following way in terms of the equal-time correlators (ETC) Eab(k, τ) =
Cab(k, τ, τ) [26]:
fab(k, τ) =
ERMab (k, τ)− E¯Mab(kτ)
E¯Rab(kτ)− E¯Mab(kτ)
∀k, (4.2)
where E¯R(kτ) and E¯M(kτ) are the scaling ETCs in the radiation and matter eras respec-
tively, and ERM(k, τ) is the true ETC measured from the simulations performed during the
transition.
We extracted ETCs from the simulations with τeq = 3, 10, 40, 150 and 300 (see Table 4),
and used Eq. (4.2) to compute the function. Fig. 6 shows the results obtained for E11
correlators for global strings (left panel) and global monopoles (right panel), the transition
functions for the rest of the correlators are similar to those shown in the figure. The five
grey shaded regions represent the raw transition functions obtained during the five transition
periods simulated. The two grey levels indicate 1σ and 2σ deviations from the mean value
calculated averaging over a set of wavevectors: 1.5 < |k| < 3.5 and 3 < |k| < 5 respectively.
The interpolating functions derived from our simulations confirm what previous analy-
sis of the behaviour of the energy-momentum correlators at cosmological transitions showed:
scale independence of the interpolating function. The deviations from the mean value repre-
sented by two grey levels, though they are somewhat bigger for monopoles, are not significant
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Figure 6. UETC interpolation functions derived from simulations performed during the radiation-
matter transition corresponding to global strings (left panel) and global monopoles (right panel)(thick
grey line). The five patches correspond to simulations with τeq = 3, 10, 40, 150 and 300. The shaded
regions represent the 1σ and 2σ deviations from the mean value of the function obtained from Eq. (4.2)
calculated from averaging over k, while the red line corresponds to the best-fit given by the function
expressed in Eq. (4.3). In both panels the correlator used is E11.
γ κ
O(2) 0.26 ± 0.03 -1.15 ± 0.02
O(3) 0.23 ± 0.05 -1.4 ± 0.2
Table 5. Mean values together with the standard deviations for parameters γ and κ of Eq. (4.3)
needed to reproduce the radiation-matter transition.
in either case. This demonstrates that the interpolating functions depend only on time to a
good approximation. The rest of the correlators (not shown) support the scale independence
statement, with the same function, which we shall write f(τ).
We fit the data using the same form used in [26, 28], which is
f(τ) =
(
1 + γ
τ
τeq
)κ
, (4.3)
where γ and κ are the parameters to be determined by the fitting process.
Table 5 shows the mean values and standard deviations for the parameters of Eq. 4.3.
The mean and standard deviations are obtained averaging over different realizations and over
different correlators, since it has been observed that in a good approximation the interpolating
function is the same for all correlators. The best-fit obtained fitting data is also included in
Fig. 6.
In [26] it was proposed that the interpolation function should be universal in all defect
models, with γ = 0.25 and κ = −2. In [28] it was found that for the Abelian Higgs model, the
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interpolation function had the same form, but with γ = 0.25 and κ = −1, which is already a
counterexample. From our results we see that the interpolation function is not universal even
within O(N) defect models. However for bigger N ’s the value of κ is bigger, which might
be a sign of a trend. It would be interesting to test whether increasing the value of N we
eventually get the value proposed in [26].
Finally, having determined how the transitions has to be performed for the two defects
analyzed in this paper, we diagonalise the true non-scaling UETCs Eq. (4.1) and obtain the
source functions Eq. (2.8) that will be used for the CMB power spectra calculation, as we
describe in the next section.
5 Power Spectra
In the previous section we have defined the source functions for the global strings and
monopoles. Inserting these functions into a source enabled Einstein-Boltzmann (EB) solver
we can compute the contributions to CMB power spectra due to the presence of global defects.
In our case the EB solver we have used is the source enabled version of CMBEASY [49], i.e.
the code has been additionally modified to handle source functions of that we have explained
in the previous section.
The cosmological parameters used for these calculations are the best-fit values obtained
by the Planck collaboration [50]: h = 0.6726, Ωbh2 = 0.02225, ΩΛ = 0.6844 and reionization
optical depth τre = 0.079. After diagonalisation, the total contribution of defects under
analysis to temperature and polarization anisotropies is calculated summing the contribution
of each individual source functions, where 130 source functions are summed in each case.
Figs. 7 and 8 shows the temperature and polarization power spectra obtained for the
two model as solid black lines, normalised using the parameter
µ = piη2, (5.1)
where η is the vacuum expectation value of the (real) scalar fields. In each case µ has a
different meaning. For the global string case it can be seen as the tension in the core of the
string, and for global monopoles the energy in the monopole core is approximately µδ.
In Fig. 7 we have also plotted the power spectra obtained for Abelian Higgs strings in
[29] as red lines for comparison, for which µ is precisely the string tension. The figure shows
that the amplitude of the signal of global strings is almost a factor of two bigger, whereas the
shape of both around the peak are very similar. The global string power spectra fall off faster
at high multipole, a consequence of the faster fall-off of the ETCs at high wavenumber.
Fig. 8 in turn shows the temperature and all polarization power spectra obtained for
global monopoles. Comparing with the O(2) case we can see that the signal given by the
O(2) model is much bigger than the one given by O(3) monopoles. Furthermore, although
the overall shape is similar in the both cases, the O(3) case is more oscillatory.
The power spectra for global strings and monopoles can be compared with that obtained
in [26] for O(N) defects, in the large-N limit (red line in Fig. 8). It can be noted that all
spectra share a similar overall shape. The spectrum obtained from the large-N limit shows
clearer oscillations, more closely resembling the global monopole curve, but underestimates
the amplitude. To quantify the underestimate, we show in table 6 the values of the power
spectra for the two cases (obtained in our analysis and using large-N) at l = 10 and at the
peak of the power spectra. Note also that the ratio is not the same in both points showing
that the large-N limit does not capture well the detailed shape of the power spectra. In these
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values we can see a similar behaviour to the one shown in [27]; that is for bigger values of N
the ratio between the measured value and the theoretical one seems to reaching one.
Figure 7. Temperature and all polarization channels for the CMB of O(2) (black line) and Abelian
Higgs (red line). Solid lines correspond to the mean spectra while shaded regions represents 1σ and
2σ confidence limits obtained by bootstrapping 10 times over 5 radiation and 5 matter realizations
for UETCs (over 7 radiation and 7 matter realizations in the UETC merging process for AH) [29].
Note that µ = piη2, where η is the vacuum expectation value of the scalar fields.
Fig. 9 shows the contribution of scalars, vectors and tensors to the temperature channel
for the both cases O(2) and O(3). In this figure we can see that the contribution of scalars is
the dominant one and that vectors and tensors contribute fewer to the temperature channel,
being the tensor the one that contribute the least. The contribution scheme in both models,
O(2) and O(3), is almost the same.
We can also compare to the numerical simulations in the O(2) and O(3) NLSM [5, 9].
Although these calculations were done in an Einstein-de Sitter universe with h = 0.5, there
is little difference in the power spectrum with ΛCDM at l = 10 where the Sachs-Wolf effect
is dominant.
The shapes of the power spectra [9] are broadly similar, although the relative contribution
of the scalar is much lower in the calculation of Ref. [9]. This has the effect of reducing the
height of the peak relative to power at l = 10, and moving the peak from l ' 300 to l ' 100.
This is likely to be an effect of the higher matter density [51].
The smaller simulation volume, 4003 is unlikely to be a source of difference, as scaling
is rapidly reached in NLSM simulations. The matter-radiation transition was treated using
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Figure 8. Temperature and all polarization channels for the CMB of O(3) (black line) and large-N
computation made in [26] (red line). Black lines correspond to the mean spectra while grey regions
represents 1σ and 2σ confidence limits obtained by bootstrapping 10 times over 5 radiation and 5
matter realizations for UETCs. Note that µ = piη2, where η is the vacuum expectation value of the
scalar fields.
Figure 9. The CMB temperature power spectrum for O(2) (left) and O(3) (right). The plot shows
the total (black region) plus the decomposition into scalar (red region), vector (blue region) and tensor
(green region). In those regions the bright lines correspond to mean spectra while the pale regions
represents 1σ and 2σ confidence limits obtained by bootstrapping 10 times over 5 radiation and 5
matter realizations for UETCs.
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Peak l = 10
N LN S Ratio (S/LN) LN S Ratio (S/LN)
2 41.0 799 19.5 32.0 374 11.7
3 18.2 37.9 2.08 14.2 22.8 1.60
Table 6. Values of l(l+1)CTTl for N = 2 and N = 3 at the peak of the temperature power spectrum
and at multipole l = 10. S denotes values obtained from our simulations and LN values obtained in
[26] using the large-N limit.
N NLSM [5] This work
2 (2.6± 1.3)× 10−6 (1.34± 0.02)× 10−6
3 (2.3± 0.4)× 10−6 (5.44± 0.02)× 10−6
Table 7. Comparison between Gµ normalised to the COBE temperature fluctuations filtered at a
10◦ scale in the NLSM [5] and the approximately equivalent value obtained by normalising our power
spectra to Planck at l = 10.
a multistage eigenvector interpolation method, which gives very similar results to our fixed-k
interpolation method [29].
We compare the value of Gµ required to normalise the temperature power spectrum to
the COBE at angular scales of 10◦ reported in Ref. [9] with the value required to normalise
our power spectra to Planck at l = 10 in Table 7, which are approximately equivalent. At
these large angular scales, the difference in the background cosmologies should not have much
effect, and we conclude that there is a suggestion of a systematically higher temperature power
spectrum for a given Gµ in the NLSM. This would be interesting to check, but would require
a separate campaign of simulations in the NLSM.
6 Fits and constraints
The CMB anisotropy predictions obtained from field theoretical numerical simulations
of global string and global monopoles are compared with the latest CMB data released by
the Planck collaboration [50], in order to put limits on the allowed fraction of those defects.
We consider the whole Planck CMB dataset and analyzed them using the publicly available
likelihoods (TT, TE, EE + lowTEB) provided by the collaboration [52]. The Monte Carlo
analysis has been performed using cosmomc [53], which uses camb [54] as the Einstein-
Boltzman solver for the primordial perturbations.
The base model for the data consists firstly of the 6 parameters of the standard ΛCDM
model: ωb, the physical baryon density; ωc, the physical cold dark matter density; ΘMC , the
approximate ratio of the sound horizon at recombination to the angular diameter distance;
τ , the reionization optical depth to last scattering; ns, the spectral index of the primordial
scalar perturbations, and As, their amplitude. There are also 27 nuisance parameters in the
fit, relating to the experiments used in the analysis. We call this the Power-Law model (PL).
In order to construct models with defects, we add to the power spectrum of the basic
PL model the possible contribution of one or other of the global defects, parametrised by
1012(Gµ)2 (5.1) or equivalently f10, the fraction the defects contribute to the temperature
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Dataset Planck 2015 CMB
Defect O(2) O(3)
Model PL+Gµ PL+Gµ PL
f10 < 0.017 < 0.024 −
1012(Gµ)2 < 0.031 < 0.73 −
− lnLmax 6472 6470 6472
Table 8. 95% upper limits for (Gµ)2 and f10 as well as best-fit likelihood values for different
cosmological models for O(2) global strings and O(3) global monopoles, fitting for the Planck 2015
TT, TE, EE and low TEB data.
power spectrum at l = 10. Shape variations of the defect power spectra for different back-
ground cosmologies are negligible, as their contribution is expected to be of order of about
1% of the temperature power spectrum. Note that f10 ∝ (Gµ)2, and that a flat prior with
upper bound 1012(Gµ)2 < 100 was imposed.
We find that the addition of the defects to the PL model does not improve the fit to
the data. Even though O(3) are able to improve slightly the likelihood, the improvement
is not significant. In all cases the scenario with no defects Gµ = 0 is compatible with the
measurements.
We therefore give the 95% confidence level upper limits for the defect model parameters
for O(2) and O(3) defects in Table 8. The base-model parameters are consistent with the
ΛCDM Planck values.
The upper bound on Gµ is derived without any extrapolation of the UETCs due to
the expected logarithmic increase of the contribution from the cores of strings discussed at
the end of Section 3.2, as we are unable to confirm the increase in the limited range of our
simulations. If one assumes that the UETCs scale by a factor of the ratio of the logarithms
in our simulations and at decoupling, then the upper bound is reduced to
1012(Gµ)2 < 0.031
(
log(msaξ)τref
log(msaξ)τdec
)2
, (6.1)
where τdec is the conformal time at decoupling. This gives
(Gµ)2 < 7× 10−17. (6.2)
Comparing the fits obtained here with the fits obtained in [29], where the Abelian
Higgs case was analysed, we observe that global strings give a slightly bigger contribution at
l = 10, f10, compared with the Abelian Higgs with the same symmetry-breaking scale, while
the contribution that global monopoles give is the biggest. However, even though global
monopoles slightly improve the global fit to the data, the fitting process in general does not
show any significative preference for models with defects.
7 Discussion and conclusions
In this paper we have computed for the first time the CMB power spectra for global
strings and monopoles using field theory simulations of the linear sigma model. Previous
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numerical simulations used the non-linear sigma model, which does not capture the energy-
momentum of the cores of the defects.
In order to obtain the power spectra, we computed the UETCs of the energy-momentum
in our simulations, and extracted source functions for Einstein-Boltzmann solvers, using
a recently-introduced method which better captures the effect of transition from radiation
dominated cosmology to matter dominated one. We compared our predictions with the latest
Planck data [50] so as to put limits on models with O(2) or O(3) defects.
We investigated the scaling regime with simulations performed in pure radiation and
matter eras, giving various scaling parameters in Table 2 and Table 3. They are compatible
with, and more accurately determined than previous numerical simulations of global strings
[30–32] and for global monopoles [35, 45].
The UETCs obtained in matter dominated era for global strings and global monopoles
can be seen in Figure 4 and 5. The shapes are similar, but the amplitudes for global strings are
significantly higher than those for global monopoles. Global string UETCs are also somewhat
higher than those for the Abelian Higgs strings. Although there are fewer global strings
per horizon volume, their effective string tension is higher by the logarithmic enhancement
discussed at the end of the last section, and the net result is more energy per horizon volume
in the global case.
We computed the UETC interpolation function for the radiation-matter transition, using
5 different time ranges that covered most of the transition period. The effects of matter-Λ
transition are rather small [29], and we do not consider them.
The form of the radiation-matter transition function (4.3) is consistent with other anal-
yses and the value of γ is compatible with the values found for AH strings [28] and for global
defects in the large-N limit [26]. However, the value of the exponent, κ, is differs from model
to model, which confirms that the transition function is not universal between defects. It
would be interesting to determine whether this parameter κ will reach the value proposed in
[26] when N becomes large.
After obtaining the source functions that capture the radiation-matter transition we
have computed the CMB power spectra. We have compared the power spectra with those
computed in the non-linear sigma model both in numerical simulations at N = 2, 3 [5, 9]
and in the large-N limit [26]. We also compare global strings with the gauge strings in the
Abelian Higgs model [29].
The overall shape of the CMB power spectra for the cases under study is fairly similar,
although the power spectra for global monopoles show a more oscillatory behaviour than
the strings, more like the spectra obtained in the large-N limit of the NLSM. The NLSM in
the large-N limit underestimates the amplitude of the power spectra of global defects by a
significant factor, up to 20 in the case of strings. The NSLM numerical simulations at N = 2, 3
are broadly compatible with our linear σ-model simulations, although detailed comparison
is complicated by the different background cosmologies. There is some sign that the NLSM
amplitude is larger for a given symmetry-breaking scale.
The signal coming from the global string case has a similar shape around the peak but
a somewhat higher amplitude than the signal coming from the Abelian Higgs strings. The
fall-off of the temperature power spectrum at high multipole is faster in the global string
case, which is a consequence of the faster fall-off of the ETCs with wave number, k−2. This
faster fall-off is indicative of some non-trivial energy-momentum correlations which disguise
the expected k−1 of randomly placed string-like objects [48]. The monopole ETCs also fall
as k−2, contrasting with k0 for randomly-placed point-like objects.
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Finally, comparing the power spectra predictions with the latest CMB data released by
the Planck collaboration [50] we put limits on the allowed fraction of those defects, given
in Table 8. We have seen that the global strings could give a slightly bigger contribution
compared with the Abelian Higgs case, while global monopoles could give the biggest contri-
bution between these three models, with a fractional contribution at l = 10 of around 2.4%.
The limits correspond to constraints on the symmetry-breaking scale of η < 2.9 × 1015 GeV
for global strings (6.3× 1014 GeV with the logarithmic correction to the scaling UETCs) and
η < 6.4×1015 GeV for global monopoles. The global string limit is relevant for the ultra-light
axion scenario [55], provided that the strings are formed and not inflated away, and also that
the axion mass is less than the inverse horizon size at decoupling so that the strings survive
long enough to perturb the CMB. The bound on the axion decay constant fa in this case is
the same as the bound on η, in the axion mass range ma . 10−28 eV. The constraint applies
even when ULAs do not comprise the dark matter.
Using these constraints we can estimate the maximum amplitude of the gravitational
wave spectrum created by global strings and global monopoles following the calculations
presented in [27]. Assuming that the tensor UETC scales in the same way as the scalar and
vector ones with the logarithmic correction of the effective string tension, we can just insert
the uncorrected upper limit on (Gµ)2 (see Table 8) into the gravitational wave energy density
[27]
ΩGW =
650
N
Ωrad
(
Gµ
pi
)2 ΩnumGW
ΩthGW
, (7.1)
where Ωrad = 1.6×10−5 is the radiation-to-critical energy density ratio today, and ΩnumGW/ΩthGW
is a numerically determined correction factor, equal to (130, 7.5) forN = (2, 3) [27]. We obtain
that the upper limit for the amplitude of the GW spectrum is similar in both cases (global
strings and global monopoles) at around ΩGW . 2 × 10−15. Comparing this value with the
expected sensitivity curved of the gravitational wave observatory LISA [56, 57] it seems that
the gravitational wave backgrounds created by global strings and global monopoles lie below
the sensitivity window.
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